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Direct generation of optical frequency combs in χ(2) nonlinear cavities
S. Mosca,1 I. Ricciardi,1 M. Parisi,1 P. Maddaloni,1 L. Santamaria,1 P. De Natale,2 and M. De Rosa1, ∗
1CNR-INO, Istituto Nazionale di Ottica, Via Campi Flegrei 34, 80078 Pozzuoli (NA), Italy
2CNR-INO, Istituto Nazionale di Ottica, largo E. Fermi 6, 50125 Firenze, Italy
Quadratic nonlinear processes are currently exploited for frequency comb transfer and exten-
sion from the visible and near infrared regions to other spectral ranges where direct comb gener-
ation cannot be accomplished. However, frequency comb generation has been directly observed in
continuously-pumped quadratic nonlinear crystals placed inside an optical cavity. At the same time,
an introductory theoretical description of the phenomenon has been provided, showing a remarkable
analogy with the dynamics of third-order Kerr microresonators. Here, we give an overview of our
recent work on χ(2) frequency comb generation. Furthermore, we generalize the preliminary three-
wave spectral model to a many-mode comb and present a stability analysis of different cavity field
regimes. Although at a very early stage, our work lays the groundwork for a novel class of highly
efficient and versatile frequency comb synthesizers based on second-order nonlinear materials.
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I. INTRODUCTION
The advent of optical frequency combs (OFCs), con-
sisting of thousands of equally spaced sharp laser frequen-
cies, has totally revolutionized the field of absolute fre-
quency metrology, providing a direct link between the op-
tical and radio frequency (RF) regions of the electromag-
netic spectrum [1]. The huge and complicated frequency
chains used to bridge the optical-to-RF gap became ob-
solete, making extremely precise optical frequency mea-
surements accessible to many laboratories. Originally
conceived for frequency metrology, nowadays frequency
combs represent a fast-growing research field, as they are
routinely used in a wide range of scientific and techno-
logical applications, from synchronization of telecommu-
nication systems to astronomical spectral calibrationm
from biomedical to environmental spectrometry.
OFCs naturally arise as the spectral counterpart of a
regular pulsed laser emission [2]. Indeed, mode-locked
lasers have been originally investigated as a suitable
tool for comb generation, culminating, at the turn of
the millennium, in the octave spanning emission needed
for absolute frequency referencing [3–5], also recognized
with the 2005 Nobel Prize in Physics [6, 7]. In 2007,
frequency combs have been demonstrated in continu-
ously pumped nonlinear passive microresonantors, ex-
ploiting third-order, χ(3), parametric processes [8]. In
such Kerr microresonators, cascaded four-wave mixing
(FWM) processes lead to a uniform broadband frequency
comb, whereas self- and cross-phase modulation (SPM
and XPM) compensate the unequal spacing of the cav-
ity modes due to the group velocity dispersion (GVD)
of the material. More recently, mid-infrared OFCs have
been observed in quantum cascade lasers, both in the
mid-infrared and terahertz ranges [9–11], and attempts
of modeling their dynamics are in progress [12–15].
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Materials with second-order susceptibility, χ(2), have
been used to indirectly replicate or extend an existing
frequency comb, otherwise generated, to different spec-
tral regions, exploiting different χ(2) processes, like dif-
ference frequency generation [16–23], parametric genera-
tion in synchronously pumped optical parametric oscilla-
tors (OPOs)[24–28], and harmonic up-conversion [29–31].
Moreover, frequency comb generation has also been di-
rectly observed in continuously-pumped quadratic non-
linear crystals placed inside an optical cavity. A first
attempt to observe direct frequency comb generation in
χ(2) media was made by Diddams and co-workers, us-
ing a nearly degenerate, continuously pumped OPO with
intracavity phase modulation similar to actively mode-
locked lasers [32]. Ulvila et al. used a singly resonant
OPO with an additional intracavity crystal, observing a
comb around the signal wavelength, which was then repli-
cated around the idler wavelength by difference frequency
with the pump [33, 34]. We observed frequency comb
generation in a single-crystal nonlinear cavity: frequency
combs appear both around the fundamental pump fre-
quency and its second harmonic for a wide range of phase
matching conditions. We explained the comb generation
as the result of a series of cascaded χ(2) processes, pre-
senting a simple but insightful theoretical model [35].
In this Article, we review our work on direct generation
of OFCs in quadratic materials. Although at a very early
stage, χ(2) frequency combs are deeply rooted in a long-
standing study about cascaded quadratic processes. Nev-
ertheless, they represent a new promising paradigm of
comb generation, paving the way to a novel class of highly
efficient and versatile frequency comb synthesizers, pos-
sibly in miniaturized devices [36–44]. Combs in Kerr mi-
croresonators or quantum cascade lasers are suitable can-
didates for miniaturized integrated devices with potential
application in fields where size, power consumption and
low cost are important. We show that χ(2) combs, inher-
ently more efficient than Kerr combs, when configured
in micro- or nanometric structures can be operated with
pump powers from milliwatt to microwatt scale, taking
2advantage of different materials with a strong quadratic
nonlinearity over a wide spectral range [39–44].
In Section II, we shortly recall the basic description
of second-order nonlinear three-wave interaction and dis-
cuss the fundamental aspects of cascaded nonlinear pro-
cesses. Afterward, we give an overview of the techniques
adopted to transfer OFCs, typically generated in the visi-
ble and near infrared (NIR) range, to MIR, UV and Ter-
ahertz spectral regions (Sec. III). Then, in Sec. IV, we
review the fundamental results about OFC generation in
χ(2) systems with cw-pumping. Thereafter, we extend
the analysis of the χ(2) system presented in [35], gen-
eralizing the effective χ(3) picture to a generic number
of interacting sub-harmonic fields (Sec. V). We finally
investigate the stability regimes of the singly resonant
nonlinear cavity: below threshold for cascaded OPO, re-
visiting the bistable regimes previously observed in singly
resonant cavity SHG [45]; and above threshold, deriving
an approximate analytical expression for the comb power
threshold.
II. CASCADED χ(2):χ(2) PROCESSES
An electromagnetic field passing through a dielectric
material induces oscillations of the atomic dipoles which
contribute to the polarization P (t) of the material, i.e.,
the dipole moment per unit volume. In linear approx-
imation, valid for weak field amplitude, the dipoles os-
cillate at the same frequency ω of the applied field and
the polarization is proportional to the field amplitude.
As the field intensity increases the inherent anharmonic
response of the atomic dipoles, related to the motion of
bound electrons, cannot be neglected: terms higher than
first-order become relevant and, as a result, the induced
polarization can be expressed as powers of the electric
field amplitude, which in a scalar form reads
P (t) = ǫ0 [χ
(1)E(t) + χ(2)E2(t) + χ(3)E3(t) + ...] ,
where ǫ0 is the vacuum permittivity and χ
(j) is the j-
th order susceptibility. More generally, considering the
vector nature of the fields, χ(j) is a (j+1)-th rank tensor.
Quadratic nonlinearity, governed by the second-order
susceptibility χ(2), leads to three-wave interactions
where, in a simplified picture, two input optical fields
at frequencies ω1 and ω2 incident upon the nonlinear
medium give rise to nonlinear polarization components,
at new frequencies: second harmonics, 2ω1 and 2ω2; sum-
frequency, ω1 + ω2; and difference frequency, ω1 − ω2, or
optical rectification [46].
The achievement of high conversion efficiency is a pri-
mary goal of most nonlinear devices; however, no more
that one component typically results in a noticeable in-
tensity at the end of the medium, unless a particular
phase relation between the interacting waves is satisfied,
allowing the radiation emitted by dipoles from different
regions along the path to interfere constructively and add
up efficiently. In fact, because of chromatic dispersion of
the material, the interacting waves actually propagate
with different phase velocities and light generated in dif-
ferent regions over twice the coherence length lc = π/∆k
will be out of phase and interfere destructively (here,
∆k = k3 − k2 − k1 is the mismatch wave vector and
depends on the wave vectors of the interacting fields).
As a result, in every three-wave process, the energy flow
repetitively reverses the direction, going back and forth
amongst the interacting fields as the beams propagate
through the medium. When a phase matching condi-
tion is satisfied, i.e., ∆k = 0, constructive interference
between nonlinear polarization and radiated field occurs
all along the interaction length, leading to an efficient
unidirectional conversion into the output field. A phase
matching condition can be achieved in birefringent crys-
tals by properly choosing the polarization and the prop-
agation direction of the interacting waves with respect
to the crystal optical axes. Otherwise, the nonlinear sus-
ceptibility of the medium can be artificially engineered by
spatial inversion of ferroelectric domains in the so called
periodically poled crystals. While simultaneous phase
matching of several χ(2) processes cannot be achieved
in a single birefringent crystals, except for a fortuitous
coincidence [47], domain engineering, conversely, makes
possible to realize simultaneous phase matching condi-
tions [48].
Nevertheless, locally, multiple χ(2) processes actually
take place and waves of different frequencies are gen-
erated which, however small, can in turn be the input
for new cascaded χ(2):χ(2) processes as they propagate
through the medium. Importantly, cascaded χ(2):χ(2)
processes can mimic third-order processes as predicted as
early as in the late sixties of the 20th century. The ob-
servation of self-action effects, commonly identified with
cubic nonlinearity, was predicted for quadratic nonlinear
crystals by L. A. Ostrovskii, who envisaged amplitude de-
pendent refractive index and self-focusing in an off-phase
matched frequency doubling crystal [49]. It took more
than two decades to set up an experimental measure-
ment of the nonlinear phase shift, which stimulated, in
turn, an increasing interest towards cascading effects [50].
The nonlinear refractive effect in an off-phase matched
SH medium is due to a portion of the frequency-doubled
light which is down-converted back to the fundamental
frequency with a shifted phase. As a result, the net phase
of the fundamental wave is shifted in proportion to the
irradiance of the fundamental field, resulting in a Kerr-
like nonlinearity. It is worth noting that phase mismatch
is not an essential requirement for Kerr-like nonlinear-
ity [51], as, for instance, in the cascaded sequence of
phase-matched SHG and SFG between the SH and the
fundamental field, finally producing the third harmonic
of the fundamental [52].
A cascaded process of primary interest for the follow-
ing discussion is the internally pumped (or subharmonic-
pumped) optical parametric oscillator, occurring in
cavity-enhanced SHG, where a SH phase-matched crys-
tal is placed in an optical cavity, resonant for a fre-
3FIG. 1. Internally pumped OPO in intracavity SHG. (a) fun-
damental and second harmonic fields in a singly resonant SHG
cavity; (b) for sufficient SH power an internally pumped non-
degenerate OPO occurs, clamping the SH power to a constant
level; (c) energy-level diagram for the sequence of second har-
monic generation and optical parametric oscillation: in this
regime there is no net SH generation; (d) in the subharmonic
range, around the fundamental frequency, the process can be
seen as a degenerate FWM, where two pump photons are
converted in two frequency symmetric parametric photons;
(e) energy-level diagram for effective degenerate FWM.
quency range around the fundamental pump frequency
ω1. As the pump power is increased, the harmonic power
generated within the nonlinear crystal can exceed the
threshold power for SH-pumped parametric oscillation,
leading to a cascaded OPO, with steady oscillations of
a frequency-symmetric signal-idler (s-i) pair around the
fundamental frequency (Fig. 1). As the laser power ex-
ceeds the threshold value, the second-harmonic power
clamps at a constant value, irrespective of the increasing
input power, implying a net photon (or energy) trans-
fer from pump to parametric field, mediated by “vir-
tual” SH photons. Aside from the SH field the cascaded
SHG+OPO is analogue to degenerate four-wave mixing
in χ(3) media. We notice that, although the SHG phase-
matched nonlinear cavity is ideally phase matched also
for the inverse process of degenerate OPO, this particular
process cannot take place due to the relative phase con-
dition imposed by the primary SHG, φ2 − 2φ1 = −π/2,
while degenerate OPO requires φ2 − 2φ1 = π/2 [53].
On the other hand, nondegenerate parametric oscillation
with two new distinct parametric fields is allowed as their
phases are free to adjust with respect to the driving SH
field phase.
Subharmonic pumped OPO was first observed in a
monolithic cavity resonating for both the fundamental
and harmonic waves [54]; subsequently, it was imple-
mented in a simpler cavity, resonant only for the funda-
mental frequency [55–57]. It was possible to observe si-
multaneous parametric oscillation of two s-i pairs around
the fundamental frequency, while, in the harmonic re-
gion, the evidence of sum frequency processes between
the fundamental and each parametric wave was observed,
showing the wealth of phenomena which are triggered by
the first cascaded three-wave mixing.
A theoretical model was derived, based on the reduced
set of coupled mode equations for the two χ(2) processes
of frequency doubling and cascaded degenerate OPO [58].
A perturbative solution gives, for the three resonating
sub-harmonic fields, a set of dynamic equations which
displays effective third-order interaction terms. However,
not all the relevant terms appear in these equations. A
more complete expression can be found by considering
a larger set of coupled mode equations, including gen-
eration of the signal (idler) second harmonic and sum
frequency of signal (idler) and fundamental. Once these
processes are considered, the derived dynamic equations
are still limited to three sub-harmonic fields, but with
new relevant interaction terms [35].
Phase mismatched cavity enhanced SHG, below the
threshold for the onset of the cascaded OPO, displayed
optical bistability [45] and phase shift [59] for the funda-
mental wave, typically of cubic nonlinearity. In this case,
the systems are nothing else than cavity-embedded ver-
sions of single pass phase mismatched SH crystals [50].
The analogy of a phase-mismatched cavity SHG with a
Kerr cavity drew the attention on the quantum proper-
ties of such a system as a way to generate squeezed states
of light [57, 60]. More recently, a similar nonlinear cav-
ity was used as an effective Kerr cavity for power noise
reduction of a cw laser [61].
III. OFC TRANSFER/EXTENSION WITH χ(2)
SYSTEMS
Frequency combs are directly available in the wave-
length region from 400 nm to 2.2 µm and have played a
crucial role for the development of new ultraprecise opti-
cal atomic clocks and precision spectroscopy. Besides vis-
ible and near-infrared spectral domains, the mid-infrared
region is very attractive for the presence of strong char-
acteristic vibrational transitions of a large number of
molecules. Thus, frequency combs have been transferred
to the mid-infrared region through different nonlinear fre-
quency conversions in χ(2) media [62, 63]. MIR frequency
combs from 2.9 to 3.5 µm [16] and in the 4.2-5.0 µm
range [18] have been realized by difference frequency
generation (DFG) between a near-infrared femtosecond
comb and a continuous-wave source. Also, by DFG be-
tween distinct teeth of the same comb, NIR frequency
combs have been transferred in the 3.2-4.8 µm range [20]
and at longer MIR wavelengths up to 14 µm [21, 22].
Finally, a MIR source from 4 up to 17 µm was real-
ized by using DFG between supercontinuum pulses of
the same comb [23]. An alternative and more efficient
technique for generating phase- and frequency-locked fre-
quency combs in the MIR is based on optical paramet-
4ric oscillators (OPOs), which both down-convert and
augment the spectrum of a pump comb in the near-
IR [26, 28]. Femtosecond frequency combs have been
realized around 1550 nm by use of self-phase-locked de-
generate synchronously pumped OPO [25, 27], while a
comb from 0.4 to 2.4 µm was obtained by phase locking
a Ti:sapphire laser and a synchronously pumped OPO to
a common supercontinuum reference [24].
In addition to MIR, femtosecond frequency combs
techniques have been extended up to the extreme ultra-
violet region, highly interesting for novel precision QED
tests and direct two-photon atomic spectroscopy. A fre-
quency comb at 205 nm has been generated by frequency
quadrupling a Ti:sapphire laser at 820 nm [29], while, by
amplification and coherent upconversion of a pair of near-
infrared pulses, the femtosecond comb has been trans-
ferred to XUV wavelengths near 51 nm [30]. An ultra-
violet comb up to 57 nm has been realized, too, by a
cavity-assisted frequency-doubling of an Yb fiber laser
and high harmonics generation in a xenon gas jet [31].
Besides bulk crystals, periodically poled lithium nio-
bate waveguides have been used for octave spectral
broadening of fs Er-, Yb- and Tm-doped fiber lasers [64,
65]. Furthermore, by optical rectification of a fs
Ti:sapphire laser in a MgO-doped LiNbO3 waveguide,
the metrological features of optical frequency comb
synthesizers have been extended to the terahertz do-
main [66, 67]. Interestingly, in addition to χ(3) non-
linearity, Kerr microresonators can present second order
nonlinearity, whether intrinsic to the material, as in AlN
waveguides [68], or induced by proper material engineer-
ing of the original centrosymmetric structures [39, 40].
In this kind of microresonators χ(2) nonlinearity was ex-
ploited to frequency up-convert the original χ(3) comb in
the second- and third harmonic ranges [41, 42].
IV. OFC GENERATION IN CW-PUMPED χ(2)
SYSTEM
In 1999 Diddams and coworkers proposed a different
approach to traditional mode-locking of lasers for obtain-
ing optical frequency combs [32], implementing an OFC
generator based on active phase-modulation in a contin-
uously pumped OPO cavity. The OPO, pumped by sin-
gle frequency light at 532 nm, produced near-degenerate
signal and idler fields; when an intracavity electro-optic
modulator was driven at a frequency equal to the cav-
ity FSR, a comb structure about both the signal and
the idler was generated, resulting in a dispersion-limited
comb with 20 nm spanning.
The possibility of frequency comb generation in a cw-
pumped χ(2) system without any active modulation was
first reported by Ulvila et al. [33]. They used a singly
resonant OPO with two periodically-poled LiNbO3 crys-
tals: the first crystal was designed for parametric oscil-
lation of signal and idler around 1.56 µm and 3.35 µm,
respectively, when pumped by a 1064 nm pump laser; the
FIG. 2. Schematic view of the experimental setup. An am-
plified 1064 nm laser pumps a bow-tie nonlinear cavity with a
periodically poled crystal inside. The output radiation is fre-
quency separated and sent to the respective diagnostics, not
shown (see text for details).
second crystal poling period provided phase mismatched
SHG for the resonating signal. Above the OPO thresh-
old, spectral analysis of the signal beam leaking from the
cavity showed a broadened spectral emission around the
signal frequency. RF beat note at the FSR of the OPO
cavity confirmed a comb structure. In the same paper
the authors qualitatively explained the comb generation
as a consequence of a Kerr-like self-phase modulation oc-
curring in mismatched SHG. In a later article, the same
group extended the spectral analysis to the MIR region
around the idler frequency [34]. In this case the spectral
extension of the MIR comb was reduced with respect to
that of the NIR signal comb, clearly limited by the phase-
matching bandwidth of the DFG process between pump
and signal photons. Finally, in a very recent work Ul-
vila et al. [69] demonstrated that the spectral quality of
the comb could be further improved by modulating the
parametric gain via pump laser intensity, and verified the
mode-spacing uniformity of the comb at the Hertz level.
Incidentally, we notice that their original system, apart
from the OPO, can be seen as an internally pumped,
phase-mismatched SHG cavity for the signal frequency,
similar to the SHG systems we describe below.
A. Lithium niobate SHG cavity
Recently, we demonstrated frequency comb generation
in a continuously-pumped cavity-enhanced SHG system,
where multiple, cascaded χ(2) nonlinear processes enable
the onset of a broadband comb emission, both around
the fundamental pump frequency and its second har-
monic [35] . We observed different regimes of generation,
depending on the phase-matching condition for second-
harmonic generation, and, in particular, we showed that
phase mismatched SHG is not essential for the appear-
ance of an optical frequency comb in quadratic nonlinear
media.
The SHG system was based on a 15-mm-long periodi-
cally poled, LiNbO3 crystal, with a grating period of Λ =
6.96 µm placed in a traveling-wave optical cavity (Fig. 2).
The pump source was a cw narrow-linewidth Nd:YAG
laser, (λ0=1064.45 nm), amplified by an Yb:fibre ampli-
fier up to 9 W. The cavity FSR was 493.00(1) MHz, with
a cold cavity resonance full width at half maximum of
3 MHz (finesse: 160; Q-factor: 108
5FIG. 3. (a) Second harmonic and intracavity paramet-
ric power as a function of the pump power. When the
pump power exceeds 100 mW the SH power clamps and
new parametric sidebands appear with increasing power. (b)
Schematic representation of second-harmonic generation with
a cascading OPO giving rise to a signal-idler pair around the
fundamental frequency, oscillating in symmetrically displaced
cavity resonances. (c) The multiple subharmonic components,
in turn, lead to thresholdless, multiple second-harmonic and
sum-frequency mixing processes, eventually culminating in a
double comb emission.
for the fundamental wavelength was phase-matched at a
crystal temperature T0 = 39.5
◦C. The crystal tempera-
ture was actively stabilized by a Peltier element driven
by an electronic servo control. A PDH scheme was imple-
mented to lock the SHG cavity to the pump frequency.
Fundamental and harmonic light beams exiting the cav-
ity were separated by a dichroic mirror and sent to differ-
ent diagnostic systems, consisting of an optical spectrum
analyzer (OSA) and radio frequency (RF) spectrum ana-
lyzers for the detection of beat notes. A confocal Fabry–
Pe´rot interferometer was used for optical spectral analy-
sis in the green part of the visible range, not covered by
the OSA. Here, we show only IR spectra around the fun-
damental frequency, nevertheless corresponding optical
spectra were observed in the harmonic region.
When the crystal was phase-matched for SHG, we
observed a first regime of pure harmonic generation
[Fig. 3(a)]. As the laser power exceeded a threshold value
of about 100 mW, the second-harmonic power clamped
at a constant value and a signal-idler pair started to os-
cillate symmetrically around the fundamental frequency
[Fig. 4(a)]. Increasing the pump power above the OPO
threshold, more sidebands appeared around the funda-
mental mode, forming a comb whose teeth are equally
spaced by an integer multiple ∆ν of the cavity FSR
[Fig. 4(b)]. Comb teeth separation and its uniformity
were measured to be an integer multiple of the cavity
FSR with a relative uncertainty of 10−6 [35].
When the pump power was further increased, typically
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FIG. 4. Optical spectra around the fundamental frequency.
(a) Above the threshold for the internally pumped OPO a
couple of parametric waves appears around the fundamental
frequency. (b) Increasing the pump power, new cascaded pro-
cesses originate new sidebands equally spaced by a multiple
of the cavity FSR. (c) Further increase of power leads to for-
mation of secondary frequency combs around each primary
sideband. The secondary comb lines are spaced by the cavity
FSR, as verified by radio frequency spectral analysis of the
output radiation.
Pin > 5 W, secondary frequency combs around the pri-
mary comb teeth appeared, as shown in Fig. 4(c), sim-
ilarly to hierarchical comb formation observed in Kerr-
combs [70? ]. In this case, the RF spectral analysis
of the IR and green output light shows intermodal beat
notes at the cavity FSR frequency, confirming the regu-
lar discreteness of a comb emission with one FRS teeth
spacing.
Increasing the crystal temperature, the original SHG
process became positive phase mismatched and the off-
phase matched pump frequency acted as a seed for a
1-FSR-spaced comb. In our experiment, we changed
the crystal temperature exploring SHG wave-vector mis-
matches up to 8π, limited by the working range of the
Peltier servo control. Because of the strong photothermal
effects, passive thermal locking was exploited for keep-
ing the cavity nearly resonant with the pump. Figure 5
shows optical spectra of the comb emission for different
crystal temperatures at the maximum pump power of
9 W. The comb bandwidth increases with the mismatch
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FIG. 5. Experimental spectra for phase mismatched SHG.
From above to below, the crystal temperature has been pro-
gressively increased, moving farthe the phase matching con-
dition for the initial SHG. All the spectra have been acquired
with the maximum available pump power of 9 W. Power cal-
ibration gave an average power per teeth of the order of mi-
crowatts.
temperature, up to more than 10 nm (≈ 5000 teeth).
The emitted power per mode was estimated to be of the
order of microwatts. Again, when the IR comb emerged
around the fundamental wave, a visible comb was also
present around its second harmonic. Figure 6 shows the
beat notes at 493 MHz for the IR and visible combs,
confirming the minimal teeth spacing of one FSR. The
resolution-limited, narrow beat notes reveal a high de-
gree of correlation between comb teeth. We notice that,
in the previous case of phase matched SHG for the funda-
mental frequency, the sidebands of the primary comb of
Fig. 4(b) are indeed phase mismatched for the respective
SHG process; hence, the appearence of secondary combs
around each primary sideband is similar to the direct for-
mation of a closely spaced comb for a phase mismatched
pump.
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FIG. 6. RF intermodal beat notes at 493 MHz, corresponding
to the cavity FSR, for (a) the IR and (b) the green combs.
B. Lithium tantalate SHG cavity
Despite the sightly lower nonlinear coefficient, with
respect to lithium niobate, lithium tantalate, LiTaO3,
shows a wider transparency range 0.28–5.5 µm, high ther-
mal conductivity, high photorefractive damage thresh-
old, and high resistance to photochromic effects like
green-induced infrared absorption. Indeed, stable, single-
frequency and high power green sources based on SHG
in lithium tantalate crystals have been realized both in
single pass [71, 72] and intracavity configurations, reach-
ing conversion efficiencies up to 75% [73]. Therefore, we
tested χ(2) comb generation in a lithium tantalate based
SHG system.
The experimental set-up was the same used for χ(2)
comb generation in lithium niobate, except for the non-
linear crystal and the corresponding phase matching tem-
perature. We used a 15-mm-long sample of periodically
poled 1%-MgO-doped stoichiometric lithium tantalate,
MgO:LiTaO3, with a grating period of 7.97 µm. The SH
cavity was locked to the stabilized pump frequency by
the use of the PDH scheme, and stable lock was achieved
for pump powers up to 6.3 W, beyond which active lock-
ing is prevented by strong photothermal effects. We in-
vestigated both the phase matching and positive phase
mismatched regime. At a phase-matching temperature
of 35.5◦C, similarly to what we observed with lithium
niobate, the SH power increased with the pump power
with an efficiency of about 50%. For pump powers higher
than 300 mW, the second harmonic power clamped and
the cascaded OPO started oscillating, generating s-i cou-
ples around the fundamental. Figure 7 shows the OSA
spectrum around the fundamental mode for input pump
power of 4.5 W, when equally spaced parametric side-
bands oscillate around the fundamental. In comparison
with lithium niobate, due to the intrinsic lower nonlinear
coefficient, lithium tantalate results in a higher threshold
for the cascaded OPO. For the same reason we did not
observed a clear evidence of secondary comb formation
as in lithium niobate.
We also explored the positive phase-mismatching con-
dition: Fig. 8 shows an example of comb generation in
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FIG. 7. Experimental OSA spectrum around the fundamen-
tal mode for quasi-phase-matched SHG in lithium tantalate
crystal at 4.5 W of input pump power.
off-phase-matched SHG for different input pump powers
from 4.5 up to 9 W, under passive thermal locking. As
we can see, the generated comb around the fundamental
frequency shows a trend to broadening as a function of
the input pump power.
C. Truncated three-wave dynamic model
In view of the observed emission regimes and of previ-
ous modeling of SHG with internally pumped OPO [58],
we developed a simple mathematical model based on
truncated three-wave dynamic equations for the resonant
subharmonic fields. In our system, the SHG cavity res-
onates for the subharmonic range of frequencies around
the fundamental pump frequency, while the harmonic
fields leave the cavity after generation in the nonlinear
medium. Compared to the model of Ref. [58], which
considered only the two processes of frequency doubling
and cascaded degenerate OPO, we included a more com-
plete set of second-order processes which start after the
cascaded OPO, namely generation of the signal and idler
second harmonic, and sum frequency of signal (idler) and
fundamental, as shown in Fig. 3(b) and (c). These pro-
cesses lead to a complete, closed three-wave dynamical
model for the resonant fields. Once these processes are
considered, the derived dynamic equations are still lim-
ited to three subharmonic fields, but with new interaction
terms which are relevant for a deeper comprehension. In
particular, the sum frequency mixing processes are the
leading mechanism of nonlinear losses, at least near the
threshold and determine the position of the first oscillat-
ing signal-idler pair, as shown in Sec. VI.
Based on this picture, starting from coupled mode
equations for the extended set of basic χ(2) processes, we
perturbatively derived an elemental nontrivial system of
dynamic equations for the sole resonating sub-harmonic
fields, while the harmonic fields could be considered fast
variables whose dynamics is slaved to the sub-harmonic
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FIG. 8. Experimental spectra for off-phase-matched SHG in
lithium tantalate crystal at a temperature of 39.0 ◦C for dif-
ferent input pump powers. The inset shows the beat note of
the infrared radiation at 493 MHz.
one, leading to [35]:
A˙0 =− (γ + i∆0)A0 − 2g0η0siA∗0AiAs − g0(η00|A0|2
+ 2η0s|As|2 + 2η0i|Ai|2)A0 + Fin (1a)
A˙s =− (γ + i∆s)As − g0η00iA20A∗i − g0(2ηs0|A0|2
+ ηss|As|2 + 2ηsi|Ai|2)As (1b)
A˙i =− (γ + i∆i)Ai − g0η00sA20A∗s − g0(2ηi0|A0|2
+ 2ηis|As|2 + ηii|Ai|2)Ai . (1c)
Here subscripts 0, ‘s’ and ‘i’ indicate fundamental, sig-
nal and idler modes, respectively. The A’s are the nor-
malized electric field amplitudes whose squared modu-
lus |A|2 is a photon number; Fin is the pump amplitude
coupled into the cavity; γ is the cavity decay constant,
assumed to be the same for the three fields; the ∆’s are
the cavity detunings of the respective modes; the η’s are
complex nonlinear coupling constants, depending on the
wave-vector mismatches of the considered second-order
processes; and g0 is a common gain factor depending on
the crystal length and the second-order coupling strength
(see Ref. [35] or Sec. V, for explicit definitions).
Despite the different underlying physical mechanism,
Eqs. (1) reveal a striking resemblance to FWM-based
models for Kerr combs generation in microresonators
[74, 75]. The constants η’s are effective third-order com-
plex susceptibilities, where the real and imaginary parts
give the ‘absorption’ and ‘dispersion’ components, re-
spectively. Focusing on the interaction terms |Al|2Al,
and |Am|2Al| (with l,m ∈ {0, s, i} and l 6= m), their
imaginary parts correspond, respectively, to self- and
cross-phase modulation terms, producing an effective
change of the refractive index, which locally compensate
the unequal spacing of the cavity modes due to the group
velocity dispersion (GVD) of the material, so that the
cavity modes become locally equidistant. On the other
hand, the corresponding real parts represent quadratic
nonlinear losses for the resonant fields and indeed deter-
mine the frequency distance from the fundamental mode
at which a s-i pair oscillates.
8V. GENERALIZED MODAL EQUATIONS
In this section we present a heuristical generalization
of the truncated three-wave model of Eqs. (1) to the case
of a N -teeth χ(2) comb, thus describing the dynamics
of a comb well above the cascaded OPO threshold. To
this end, we first derive the reduced dynamic equations
of the resonant subharmonic fields for a bichromatically
pumped nonlinear SHG cavity, showing as they mim-
ick a nondegenerate FWM third-order process where the
initial pump waves at ω2 and ω3 give rise to two new
waves at ω1 and ω4, so as to satisfy energy conservation,
ω2 + ω3 = ω1 + ω4. As shown for Kerr combs, bichro-
matic pumping is in fact a practical scheme for efficient,
thresholdless frequency comb generation and comb teeth
separation control [76, 77]; furthermore, it can be useful
for accurate frequency stabilization of the comb emis-
sion as required for metrological applications. Moreover,
the presence of two initial subharmonic fields is a helpful
simplified picture of what happens after the internally
pumped OPO starts and each sideband interacts with
the pump field and with other sidebands.
A. Bichromatically pumped SHG cavity
Figure 9 schematically illustrates all the cascaded χ(2)
processes which limit the involved sub-harmonic fields
to four. Initially, the waves at ω2 and ω3 = ω2 + ∆ω
propagating in the quadratic medium can generate their
respective second harmonic waves, 2ω2 and 2ω3, along
with the sum frequency, ω23 = ω2 + ω3. We note that
the frequency separation between two nearby harmonic
wave equals the initial spacing ∆ω. Then, each second
harmonic wave interacts with the opposite sub-harmonic
leading, through DFG, to new waves at ω1 = 2ω2−ω3 =
ω2 −∆ω and ω4 = 2ω3 − ω2 = ω3 +∆ω. Finally, others
SH and sum frequencies are produced, uniformly filling
the harmonic range. In fact, the number of cascaded pro-
cesses rapidly grows, generating new sub-harmonic and
harmonic fields, all equally spaced by ∆ω, but here we
limit our analysis to the first four sub-harmonic fields and
their seven harmonic combinations.
We adopt the same notation and field amplitude nor-
malization of Ref. [35], according to which |Aj |2 gives
the photon number of field Aj . We omit to explicitly
write down the eleven coupled mode equations, as it is
straigthforward but lengthy. For sake of simplicity, in the
following we assume a travelling wave cavity, completely
filled with the nonlinear medium so that the nonlinear
interaction length and the cavity geometrical path coin-
cide, i.e., Lcav = L. It is straightforward to generalize to
the case of a partially filled cavity.
We notice that each second-order process depicted in
Fig. 9 involves two sub-harmonic, ωj and ωk (possibly
degenerate, i.e., j = k) and one harmonic field, ωj +
ωk. Therefore, for each process, we identify the matching
FIG. 9. Schematic representation of cascaded quadratic pro-
cesses mimicking nondegenerate FWM in the case of a bichro-
matically pumped cavity: (a) the initial presence of two in-
put sub-harmonic modes, ω2 and ω3, enables the generation of
three harmonic fields by SHG and SFG; (b) DFGs between the
second harmonics and the original sub-harmonic fields result
in two new symmetrically placed output sub-harmonic fields,
ω1 and ω4, which successively (c) generate other harmonic
fields. From the point of view of the sub-harmonic fields the
process is equivalent to a χ(3) non degenerate FWM.
wave vector as,
ξjk = kωj+ωk − kωj − kωk , (2)
which is invariant under exchange of the indices, i.e.,
ξjk = ξkj . As it will be soon clear, this notation will
facilitate the generalization of the dynamic equations for
a generic number of sub-harmonic fields. Usually, for a
given crystal condition and initial field frequency, only
one of the processes can be perfectly phase matched and,
more generally, none of them is.
The coupled mode equations can be perturbatively
solved by successive integrations, along the lines of the
procedure outlined in Ref. [35], including the effect of
the optical cavity, finally yielding the following dynamic
9equations:
A˙2 =− (γ2 + i∆2)A2 − g0
[
4∑
ν=1
(2− δ2ν) η2ν2ν |Aν |2
]
A2
− 2g0 η2231A∗2A3A1 − 2g0 η2314A∗3A1A4
− g0 η2433 A∗4A23 + F2 (3a)
A˙3 =− (γ3 + i∆3)A3 − g0
[
4∑
ν=1
(2− δ3ν) η3ν3ν |Aν |2
]
A3
− 2g0 η3324A∗3A2A4 − 2g0 η3214A∗2A1A4
− g0 η3122 A∗1A22 + F3 (3b)
A˙1 =− (γ1 + i∆1)A1 − g0
[
4∑
ν=1
(2− δ1ν) η1ν1ν |Aν |2
]
A1
− 2g0 η1423A∗4A2A3 − g0 η1322 A∗3A22 (3c)
A˙4 =− (γ4 + i∆4)A4 − g0
[
4∑
ν=1
(2− δ4ν) η4ν4ν |Aν |2
]
A4
− 2g0 η4123A∗1A2A3 − g0 η4233 A∗2A23 , (3d)
where g0 = (κL)
2/4τ , with κ = d/c
√
2ω30/n
2
1 n2 the
quadratic nonlinear coupling constant, L the interaction
length, and τ the cavity round-trip time; δµν is the Kro-
necker’s delta. Fj =
√
2γj/τA
in
j is the round-trip cou-
pled field amplitude, with Ainj being the input field am-
plitude around the mode j = 2, 3. The complex coupling
constants are given by
ηµνρσ = I(ξµν , ξρσ) =
2
L2
∫ L
0
e−iξµνz
eiξρσz − 1
iξρσ
dz . (4)
Figure 10 shows the absolute value of the two-variable
function I(x, y) and the real and imaginary parts of the
index-symmetric, single-variable function ηµνµν (x) which
read
Re[ηµνµν (x)] = sinc
2(x/2) (5)
Im[ηµνµν (x)] =
2
x
(sinc(x/2)− 1) . (6)
The coupling constants η’s, characterizing the strength
of the effective third-order interactions, express indeed
the effect of a couple of cascaded second-order processes,
integrated over the length of the nonlinear medium, ac-
cording to Eq. (4). They can be generally seen as effec-
tive complex susceptibilities, whose real and imaginary
parts, differently from the usual definition, are related to
absorption and dispersion, respectively. Furthermore, as
a consequence of the invariance of the wave vectors under
the exchange of indices, Eq. (2), the coupling constants η
are invariant under the independent exchange of the first
or last pair of indices, i.e., ηµνρσ = ηνµρσ = ηνµσρ.
From the solution of the simple case of effective non
degenerate FWM, Eqs. (3), we can heuristically derive
a general expression for the dynamic equations for any
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FIG. 10. Plot of Eqs. (5) and (6), real and imaginary part of
the coupling constant ηµνµν .
number of interacting fields, yielding for each field Aµ,
nearly resonant with the µ-th cavity mode,
A˙µ = −(γµ+ i∆µ)Aµ−g0
∑
ρ,σ
ν=ρ+σ−µ
ηµνρσ A
∗
νAρAσ+Fµ , (7)
where the summation over the indices ρ and σ can be
extended over all the cavity resonant modes, and Fµ is
the cavity coupled amplitude of a input driving field Ainµ ,
as defined before. The constraint over ν is dictated by
the energy conservation condition.
B. Bistability
In the last part of this section we consider the case
where only the fundamental mode A0 is excited by a
single-mode external pump, corresponding to the sim-
ple SHG system below the threshold for the internally
pumped OPO. Apparently trivial, this configuration ex-
hibits bistable regimes analogously to a Kerr cavity and
was investigated theoretically and experimentally [45].
Here, we resume the main result concerning its stability
analysis.
For this case, Eq. (7) reduces to
A˙0 = −(γ0 + i∆0)A0 − g0η0000|A0|2A0 + F0 . (8)
As the coupling constant η0000 is in general a complex
number, the nonlinear term, proportional to the intra-
cavity power |A0|2, gives: a nonlinear loss, proportional
to Re(η0000), due to fundamental power converted into
second harmonic and leaving the cavity; and a nonlinear
detuning, proportional to Im(η0000). The latter, which
occurs for phase mismatched SHG, i.e., ξ00 6= 0, may lead
to a bistable regime [45]. Actually, there is a detuning
threshold and a power threshold which mark the onset of
bistability. To determine these threshold values we con-
sider the steady state solution of Eq. (8) which expresses
the relationship between the driving power, y = |F |2,
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FIG. 11. (a) Stability diagram of stationary solutions of Eq. (9) as a function of the detuning ∆ and the matching parameter
ξ00L, assuming g0 = 1 and γ0 = 1. Solid lines represent the critical detunings, ∆− (red) and ∆+ (blue), while the dashed
curves are the corresponding intracavity powers x±, plotted against the matching parameter ξ00L. Physically allowable solution
requires x± > 0, thus bistability occurs for |ξ00L| & 3.29 (black vertical dashed lines). The shaded regions identify parameters
values for which bistability occurs. The horizontal dashed lines correspond to ∆0 = ±
√
3, which is the critical detuning when
ξ00L is an integer multiple of 2pi and there is no nonlinear loss due to second-harmonic generation, thus the nonlinear cavity
acts as a purely dispersive Kerr cavity. (b) Intracavity power |A0|2 as a function of injected power |F |2, for ξ00L = 10 and
∆ = −4.0, −2.9, and −0.7, showing the transition from single-valued solution to three-valued bistable solution. The negative
slope segment of the three-valued solution is always unstable.
and intracavity power, x = |A0|2, as
y =
(
R2 + J2
)
x3+2(γ0R+∆0J)x
2+
(
γ20 +∆
2
0
)
x , (9)
where R = g0Re[η0000(ξ00L)] and J = g0Im[η0000(ξ00L)].
According to the cubic Eq. (9), for a given input power y
there could be one or three solutions for the intracavity
power x, provided that the physically meaningful condi-
tion x > 0 is satisfied. In particular, bistability occurs
when the right-hand-side of Eq. (9) have local extrema,
e.g., if there are values of x for which the derivative
∂y/∂x = 0, or
3(J2 +R2)x2 + 4(Rγ0 + J∆0)x+ γ
2
0 +∆
2
0 = 0 (10)
This equation has real, nonnegative solutions for detun-
ings
∆0 ≤ ∆− if J >
√
3R ,
∆0 ≥ ∆+ if − J >
√
3R ,
(11)
with the critical detunings
∆± =
−4JR±√3 (J2 +R2)
J2 − 3R2 γ0 .
The corresponding intracavity power threshold is ob-
tained by substituting ∆± in Eq. (10) and solving for
x, yielding
x± =
2γ0√
3
1
|J | ∓ √3R .
The conditions of Eq. (11) on R and J imply a condition
on the matching wave vector, |ξ00L| & 3.29. Finally, from
Eq. (9) the input threshold power is,
y± =
8γ30
3
√
3
1
(|J | ∓ √3R)3 .
Figure 11(a) shows the bistability map as a function
of the detuning ∆0 and the matching wave vector ξ00,
having assumed g0 = 1 and γ0 = 1. The shaded re-
gions identify parameters values for which bistable solu-
tions are possible. For matching wave vectors such that
|ξ00L| . 3.29, steady state solutions for the intracavity
power are always single-valued. Moreover, when ξ00L is
an integer multiple of 2π, then Re[η0000(π)] = 0 and, as a
consequence, there is no net second-harmonic generation
and the cavity acts as a purely dispersive Kerr cavity [61].
Figure 11(b) shows the steady state solution for the intra-
cavity power vs. the input power, Eq. (9), for ξ00L = 10
and ∆ = −0.7, −2.9, and −4.0, respectively. Notice that
from the anti-symmetric features of the stability diagram
the same solutions holds by simultaneously changing the
sign of the matching wave vector and the detuning.
VI. SUBHARMONIC PUMPED OPO: LINEAR
STABILITY ANALYSIS
We specialize Eq. (7) to the single-pump case, look-
ing for the condition for the appearance of a pair of
frequency-symmetric parametric modes. To this purpose,
we assume that each field is nearly resonant with a cavity
mode whose position is defined by an integer mode num-
ber µ with respect to a central mode ̟0, nearly resonant
for the pump, thus yielding the same dynamic equations
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of Eqs.(1), with a more general, compact notation,
A˙0 =−(γ0 + i∆0)A0−2g0 η00µµ¯A∗0AµAµ¯−g0(η0000|A0|2
+ 2η0µ0µ|Aµ|2 + 2η0µ¯0µ¯|Aµ¯|2)A0 + F0 (12a)
A˙µ =− (γµ + i∆µ)Aµ − g0 ηµµ¯00 A20A∗µ¯ − g0(2ηµ00µ|A0|2
+ ηµµµµ|Aµ|2 + 2ηµµ¯µµ¯|Aµ¯|2)Aµ (12b)
A˙µ¯ =− (γµ¯ + i∆µ¯)Aµ¯ − g0ηµ¯µ00 A20A∗µ − g0(2ηµ¯00µ¯|A0|2
+ 2ηµ¯µµ¯µ|Aµ|2 + ηµ¯µ¯µ¯µ¯|Aµ¯|2)Aµ¯ , (12c)
where µ¯ = −µ, for the sake of notation simplicity.
For a dispersive cavity the frequency position of cav-
ity modes in the vicinity of a central mode ̟0 can be
written as a series expansion with respect to the mode
number µ, as ̟µ ≃ ̟0 + D1 µ + D2 µ2, where D1 =
2πc/Lcav n0 is the cavity FSR, with L the round-trip op-
tical path of the cavity, and D2 ≃ −2π2c3β′′/L2 n30 =
−(c/2n0)D21β′′ accounts for the group velocity disper-
sion, β′′ = d2k/dω2|ω0 , both calculated at ω0, with
n0 = n(ω0). In fact, in the validity range of the present
approximation, the mode number µ identifies a quasi-
symmetric pair (µ-pair) of cavity modes with respect
to the fundamental pump mode around ̟0. The de-
tunings between the resonating fields and the nearest
cavity modes are, respectively: ∆0 = ω0 − ̟0; ∆µ =
ωµ − ̟µ = ωµ −̟0 − D1 µ −D2 µ2; ∆µ¯ = ωµ¯ − ̟µ¯ =
ωµ¯ − ̟0 + D1 µ − D2 µ2. We also introduce the vari-
able transformation, A0 = a0; Aµ = aµe
−i(ωµ−ω0−D1µ)t;
Aµ¯ = aµ¯e
−i(ωµ¯−ω0+D1µ)t . After some manipulation, we
rewrite Eqs. (12) as
a˙0 =− (γ + i∆0) a0 − 2g0 η00µµ¯a∗0aµaµ¯ − g0(η0000|a0|2
+ 2η0µ0µ|aµ|2 + 2η0µ¯0µ¯|aµ¯|2) a0 + F0 (13a)
a˙µ =− [γ + i(∆0 −D2µ2)] aµ
− g0 ηµµ¯00 a20a∗µ¯ − g0(2ηµ00µ|a0|2
+ ηµµµµ|aµ|2 + 2ηµµ¯µµ¯|aµ¯|2) aµ (13b)
a˙µ¯ =− [γ + i(∆0 −D2µ2)] aµ¯
− g0ηµ¯µ00 a20a∗µ − g0(2ηµ¯00µ¯|a0|2
+ 2ηµ¯µµ¯µ|aµ|2 + ηµ¯µ¯µ¯µ¯|aµ¯|2) aµ¯ , (13c)
where we have assumed γ0 = γµ = γµ¯ = γ.
To predict the conditions for which a µ-pair of para-
metric fields starts to oscillate we study the stability of
the trivial steady state solution of Eqs. (13) with zero
parametric field amplitudes, aµ = aµ¯ = 0. We introduce
small perturbations of the zero parametric amplitudes,
δaµ and δaµ¯ and substitute in Eq. (13b) and the com-
plex conjugate of Eq. (13c). Retaining only the terms
linear in the perturbations, we obtain the following lin-
ear differential equations for small perturbation of the
trivial steady state solution in matrix form, as
(
δa˙µ
δa˙∗µ¯
)
=
(
M11 M12
M21 M22
)(
δaµ
δa∗µ¯
)
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FIG. 12. Linear stability analysis. Power threshold as a func-
tion of the number mode µ for different temperatures around
the SHG phase matching temperature. Red dots indicate the
lowest values for each trace.
where
M11 = −[γ + i(∆0 −D2µ2) + 2g0ηµ00µ|a0|2]
M12 = M
∗
21 = −g0ηµµ¯00 a20
M22 = −[γ − i(∆0 −D2µ2) + 2g0η∗µ¯00µ¯|a0|2] .
We notice that, in general, the characteristic polyno-
mial of the matrix M has complex coefficients. The
interaction terms remaining after the linearization are
g0ηµ00µ|a0|2 and g0η∗µ¯00µ¯|a0|2, related to the SFG of the
pump with the signal and the idler, respectively, as an-
ticipated in Sec IVC, while g0ηµµ¯00 a
2
0 is associated to
the parametric generation in the cascaded OPO [35].
The zero solution for the parametric fields becomes
unstable, thus side modes start to oscillate, when the
real part of at least one matrix eigenvalue
λ± = −γ − g0(ηµ00µ + η∗µ¯00µ¯)|a0|2 ±
{
g20 |ηµµ¯00|2 |a0|4
− [∆0−D2µ2 −ig0(ηµ00µ −η∗µ¯00µ¯)|a0|2]2 }1/2 (14)
is positive. For each µ-pair, a power threshold |aµ0,thr|2 for
the intracavity fundamental field can be found by solving
the equation Re[λ] = 0 in the variable |a0|2. The µ-pair
with the lowest threshold is the first to reach a stable
oscillation for the cascaded OPO. A similar expression
has been recently derived in a time-domain description
of χ(2) comb dynamics [78].
An extended discussion of stability analysis is out of
the scope of the present review and is in deferred to a fu-
ture work. Figure (12) shows some examples of power
threshold as a function of the number mode µ. Nu-
merical evaluation has been made using the experimen-
tal parameters of Ref. [35] and the various traces are
calculated for different crystal temperatures around the
phase-matching condition for the initial SHG process,
with zero pump detuning, ∆0 = 0. When the SHG is
phase matched (39.5◦) the µ-pair with the lowest thresh-
old occurs for µ = 170, even though second and third
lowest values, respectively at µ = 340 and 510, differ
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from the first by less than a part in 104. We remark
that local threshold minima correspond to minima of the
losses related to the nonlinear susceptibilities ηµ00µ and
ηµ¯00µ¯, i.e., SFG processes ωµ,µ¯ + ω0. As the crystal is
slightly moved from the phase matching condition, the
lowest threshold suddenly moves away from the central
mode.
From Eq. (14) we can derive an approximate expression
for the minimum theoretical input power threshold for
the onset of the first pair of parametric sidebands. If P
is the laser power impinging on the nonlinear cavity and
A = πr2 (r, cavity mode radius) is the area of a cavity
mode, the intensity coupled into the cavity is related to
the round-trip coupled field amplitude F0 as
I =
P
A =
1
2
ǫ0cω0
τ
2γ
|F0|2 ,
where ǫ0 is the electric constant. As discussed in Ref. [35],
for each possible parametric pair, the threshold value
is determined by a trade-off between parametric gain,
cavity dispersion, and nonlinear losses. We assume the
nonlinear media is phase matched for the SHG of the
fundamental laser frequency which, in turn, is perfectly
resonant with the central cavity mode ̟0, i.e., ∆0 = 0.
Moreover, we neglect the effect of dispersion on cavity
modes spacing, thus, each µ-pair is symmetric around
the central mode. From this symmetry and from the
antisymmetry of the imaginary part, Eq. (6), the equal-
ity Im(ηµ00µ − η∗µ¯00µ¯) = 0 derives. We can further re-
strain our attention to the theoretical most favorite µ-
pairs whose frequencies fall exactly in minima of the
most relevant nonlinear losses, given by the SFG pro-
cesses ωµ,µ¯ + ω0. For these pairs the real part of ηµ00µ
and ηµ¯00µ¯ are nil. Therefore, the real part of the eigenval-
ues reduces to λ± ≃ −γ±g0|a0|2, being |ηµµ¯00| ≃ 1 in the
vicinity of the central mode. The intracavity threshold
power is then |a0,thr|2 = γ/g0. Substituting in Eq. (9),
and solving for the coupled power |F0|2, we finally get
the input laser power threshold,
Pthr =
2πǫ0r
2c n50
Q2d2
where Q = ω0/γ is the resonator quality factor. As an
example, for figures typical of state-of-the-art AlGaAs
resonators [43, 44, 79] (r = 0.2 µm; n0 = 3; Q = 10
5;
d = 80 V/pm), the singly resonant power threshold is
around 4 mW.
We finally observe that a SHG cavity can be simulta-
neously resonant for both the fundamental and SH fre-
quency. For such a doubly resonant SHG cavity, it is rea-
sonable to expect that the pump power threshold of the
internally pumped cascaded OPO is lowered with respect
to the singly resonant configuration. Thus, we numeri-
cally solved the coupled mode equations for SHG and
OPO only, with the boundary condition dictated by the
presence of the cavity, since the other processes can be
neglected in the case of the lowest-threshold oscillating
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FIG. 13. Doubly resonant SHG cavity. Numerical simulation
of the intracavity second harmonic and parametric power as
a function of the pump power.
mode. Fig. 13 shows numerical simulation of intracavity
SH and parametric power for cavity parameters as in [35],
except that now also the SH field is resonant. We have
assumed an outcoupling mirror reflectivity of 0.92, while
all the other mirror are perfectly reflecting for the SH.
The internally pumped OPO threshold is 2 mW, to be
compared with the 100 mW threshold measured for the
singly resonant SHG cavity.
VII. FINAL REMARKS
Demonstration of direct frequency comb generation in
quadratic media is a recent breakthrough revealing a po-
tential for a novel class of highly efficient and versatile fre-
quency comb synthesizers based on χ(2) nonlinear inter-
actions. In this review, we have shown the very first steps
towards a promising new field of research where most of
the work is still to be done. Exploiting the intrinsically
higher efficiency of second-order processes, χ(2) combs
can play a major role in developing small-footprint in-
tegrated photonic devices. Second-order processes have
been demonstrated in Si, Si3N4, AlN, AlGaAs [39–44].
These materials can provide technological platforms for
new micro and nanometric devices. With respect to Kerr-
combs based on χ(3) materials, χ(2) combs can be realized
all over the transparency range of the nonlinear mate-
rial without the more severe constraint on the dispersive
characteristics of χ(3)-based devices, and the simultane-
ous occurrence of octave-distant combs provides a useful
metrological link between two spectral regions without
the need for a full octave-wide comb.
However, optimal design of new, more efficient fre-
quency comb synthesizers with lower power threshold and
larger bandwidth requires however a thorough analysis
of this new phenomena and several questions need to be
addressed in order to have a fully developed theoretical
framework and reliable predictive models. A complemen-
tary time-domain approach to χ(2) comb dynamics can
offer an interesting new perspective, focusing on the time
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evolution of χ(2) combs, emphasizing the importance of
non-istantaneous character of the nonlinear interaction
and the enabling role of temporal walk-off arising from
group velocity mismatch [78]. The proposed quantita-
tive spectral dynamical model, here extended to a generic
number of interacting modes, offers a deep physical in-
sight into χ(2) comb dynamics and, interestingly, displays
a striking analogy with the description of frequency comb
generation in Kerr nonlinear resonators, suggesting a uni-
fied theoretical framework for the physics of frequency
combs.
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